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Abstract 

Let {M,g) be a Riemannian manifold and G a g'-natural metric on its 
tangent bundle TM. In this paper we prove first that the space (TM, G) 
has constant sectional curvature if and only if it is flat, and then we give a 
characterization of flat g-natural metrics on tangent bundles. 
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Introduction 

In m, K.M.T. Abbassi and M. Sarih introduced the notion of ^-natural me- 
trics on the tangent bundle TM of a Riemannian manifold (M, g) . A metric 
G on TM is called a (7-natural metric if it comes from 5 by a first order natural 
operator S'^ T* {S^T*)T , where SlT* and {S^T*)T denote respectively the 
natural bundle of Riemannian metrics and the natural bundle of (0, 2)-tensor 
fields on the tangent bundles (cf. [6] for the definitions of natural bundles and 
operators and associated notions). They gave a characterization of ^(-natural 
metrics on TM in terms of functions defined on , and obtained a necessary 
and sufficient conditions for ^-natural metrics to be either nondegenerate or 
Riemannian. But they did not give an explicit expression for the inverse of 
nondegenerate (7-natural metrics although it is important to compute some 
geometrical analysis tools like the Ricci tensor, the scalar curvature, the Laplace 
operator, etc ... . 

Some geometrical properties could be inherited on the ^-natural metrics 
from the basic metric g and conversely. In [5] the authors proved that if 
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a tangent bundle equipped with a (^-natural metric (TM, G) is of constant 
sectional curvature then the same holds for (M, g). Furthermore, making some 
restrictions on the Riemannian (7-natural metrics on TM, the same authors 
gave the characterization of flat Riemannian (7-natural metrics on TM 

(cf. m- 

In this paper we prove that if {M,g) is non flat, its tangent bundle TM 
equipped with a g-natural metric G has non constant sectional curvature, 
and also that only flat (7-natural metrics are of constant sectional curvature. 
In the next section [1] we give some preliminaries and some known results on 
^-natural metrics. In the section [2] we compute explicitly the inverse of any 
nondegenerate (7-natural metric. In section [3] using this inverse expression and 
Koszul's formula, we determine the Levi-Civita connection of any nondege- 
nerate ^-natural metric. Finally in section|H we show that the flat Riemannian 
^-natural metrics are the only (/-natural metrics that have a constant sectional 
curvature, then we give a characterization of these metrics. 

1 Preliminaries 

Let (M, (7) be a Riemannian manifold and V the Levi-Civita connection of 
g. Then the tangent space of TM at any point (x,n) £ TM splits into the 
horizontal and vertical subspaces with respect to V : 

If (x, u) G TM is given then, for any vector X € T^M, there exists a 
unique vector € „)M such that tt^X^ = X, where vr : TM M 
is the natural projection. X^ denotes the horizontal lift of X at the point 
{x,u) G TM. The vertical lift of a vector X T^M at {x,u) TM is a vector 
G V(3,,„)M such that = X.f, for all functions / on M. Here we 

consider 1-forms df on M as functions on TM (i.e. {df){x,u) = u.f). Note 
that the map X X^ is an isomorphism between the vector spaces T^M and 
H(^x^y_'jM. Similarly, the map X X^ is an isomorphism between the vector 
spaces TajM and V(^j.^u)M. Obviously, each tangent vector Z G T(^^^y_^TM 
can be written in the form Z = X^ + Y"", where X,Y G TxM are uniquely 
determined vectors. 

If (/p is a smooth function on M, then 

X^ (if o it) = {X if) OTT and X'' {if o it) =0 (1) 

hold for every vector field X on M. 

A system of local coordinates {U ; Xi, i = 1, • • • , m) in M induces on TM 
a system of local coordinates (7r~^(f7) ; Xj, u*, i = 1, • • • , m) . 
Let X = ^™ ^ -^^'^ ^® local expression in U of a vector field X on M. 
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Then, the horizontal lift and the vertical lift X" of X are given, with 
respect to the induced coordinates, by : 

X'^ = Vx^^-VrWX'^^ and (2) 

I i,j,k 

= YX'^, (3) 

i 

where the (r*^) are the Christoffel's symbols of g. 

Next, we introduce some notations which will be used to describe vectors 
obtained from lifted vectors by basic operations on TAd . Let T be a tensor field 
of type (1, s) on M. If Xi, X2, • • • , Xs-i E T,,M, then h{T{Xi,- • • , ?i, • • • , Xs-i)} 
(respectively v{T{Xi, ■ ■ ■ ,u,- ■ ■ , Xs-i)}) is a horizontal (respectively vertical) 
vector at (x, u) which is defined by the formula 

h{T{Xi, • ■ ■ , u, ■ ■ ■ , = 5] (t{Xi, • ■ ■ , (^^) , • • • , X,_i)^ 

(resp. 4r(Xi,---,u,---,X,_i)} = ^n^(^r(Xi,---,(^^) ,.--,X,_i)^ ). 

In particular, if T is the identity tensor of type (1, 1), then wc obtain the 
geodesic flow vector field at {x,u), ^(^x,u) = J2x'^'^ (sf^)^ y cano- 
nical vertical vector at {x,u), U(^x,u) = Sa'"'^ (^^)( )' 

Moreover h{T{Xi, ■ ■ ■ ,u, ■ ■ ■ ,u, ■ ■ ■ ,Xs-t)} and?;{r(Xi, ■ ■ ■ ,u, ■ ■ ■ ,u, ■ ■ ■ ,Xs-t)} 
are defined by similar way. 

Also let us make the notations 

h{T{Xi, ■■■,Xs)}=: T(Xi ,---,Xsf (4) 

and 

v{T{X,, ■■■,Xs)}=: r(Xi, ■ • • (5) 

Thus h{X} = X^' and v{X] = X\ for each vector field X on M. 

Prom the preceding quantities, one can define vector fields on TU in the 
following way: If = is a given point in TU and Xi, ■ ■ ■ , Xg-i 

are vector fields on U, then we denote by 

h{T{Xi,---,u,---,Xs-i)} (respectively v{T{Xi,- ■ ■ ,u,- ■ ■ ,Xs-i)}) 

the horizontal (respectively vertical) vector field on TU defined by 

h{T{X^, • ■ • , • • • , X,_i)} = «^r(Xi, . . . , A , . . . , Xs-if 

A 
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( resp. v{T{X^,- ■■,u,---, X^-i)} = u^T{Xu — X.^^y ). 

A 

Moreover, for vector fields Xi, ■ ■ ■ , Xg-t on [/, where s , i € N* (s > t), the 
vector fields h{T{Xi^ • • • , u, • ■ ■ , u, • • • , Xg^t)} and 
v{T{Xi, ■ ■ ■ ,u, ■ ■ ■ ,u, ■ ■ ■ , Xg-t)}, on TU, are defined by similar way. 
The Riemannian curvature of g is defined by 

i?(X,y) = [Vx, Vy]-V[x,y] . (6) 

Now, for (r, s) G N^, we denote by ttm '■ TM — > M the natural projection 
and F the natural bundle defined by 

FM = tt*m{ T* • • • ^ T* • • • ^ T )M ^ M, (7) 

r times 5 times 

F/(X,,5,) = {Tf.X,,{T*(^---^T*^T^---(^T)f.S^) 

for all manifolds M, local diffeomorphisms / of M, ^T^M and 

-Sx G (T* ® • • • T* T ® • • • r)xM. We caU the sections of the canonical 

projection FM —f M F-tensor fields of type (r, s). So, if © denotes the fibered 

product of fibered manifolds, then the F-tensor fields are mappings 

A : TM © TM © • • • © TM Ua;gM (S)'' T^M which are hnear in the last 

V ' 

s times 

s summands and such that 7r2 o A = vri , where tti and 7r2 are respectively the 
natural projections of the source and target fiber bundles of A. For r = 
and s = 2, we obtain the classical notion of F-metrics. So, i^-metrics are 
mappings TM © TM © TM R which are linear in the second and the third 
argument. 

Proposition 1.1 Jj^ Let {M,g) be a Riemannian manifold and G a 
g-natural metric on TM. Then if dimM > 2, there exists six functions 
ai, fii : ^ R, i = 1,2,3, such that for any x M and all vectors 
u, X, Y TxM , we have 

' = {ai + a^){t)g^{X,Y) + {Pi+P^){t)g^{X,u)g^,{Y,u), 

= a2{t)g^{X,Y)+(52{t)g^{X,u)g^{Y,u), 

< 

= a2{t)g.,{X,Y)+(52{t)g.{X,u)g^{Y,u), 

, = ai{t)g,{X,Y) + (3i{t)g^{X,u)g,{Y,u), 

where t = gx{u,u), X^ and X"" are respectively the horizontal lift and the 
vertical lift of the vector X ^T^M at the point {x,u) G TM. 
For dimM = 1, the same holds with /3j = 0, i = 1, 2, 3. 
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Notation 1.1 

• (l)i{t) = ai{t)+t(3i{t), 

• a{t) = ai{t){ai + a3)(t) - al{t), 

. (/.(i) = (Ai(t)((Ai+<A3)(t)-</'i(i). 
for all t G M+. 

Proposition 1.2 j'T/ A g-natural metric G on the tangent bundle of a 
Riemannian manifold (M, g) is : 

(i) nondegenerate if and only if the functions ai, f3i, i = 1,2,3 of Proposi- 
tion \l.l\ defining G, satisfy 

a{t)m + (8) 

for all t G M+. 

(ii) Riemannian if and only if the functions a^, i = 1,2,3 of 
Proposition \1.1\ defining G, satisfy the inequalities 

r ai{t)>0, Mt)>0, 

\ a{t) > 0, (j){t) > 0, ^ ' 

for all t G M+. 

For dimM = 1, this system reduces to ai{t) > and a{t) > 0, for all 
t G M+. 

The following lemmas will be useful in the sequel. 

Lemma 1.1 Let {M,g) he a Riemannian manifold, V he the Levi-Civita 
connection and R he the Riemannian curvature of g. Then the Lie hracket on 
the tangent bundle TM of M satisfies 

1. [X\Y^] =[X,Yt-v{R{X,Y)u} , 

2. [X^,Y-] = {VxYf , 

3. [X^Y"] =0, 

for all X ,Y , Z e X{M). 

Lemma 1.2 J^] Let {M,g) he a Riemannian manifold, {x,u) G TM and 
X,Y,Z G X{M), f a function defined from M to M, and denote by Fy the 
function on TM defined by Fy{u) = gx{Yx,u), for all {x,u) G TM. Then we 
have: 

1- ^(l.)-/(H') = o> 

2. Xl^^^yf{\u\^) = 2f'{\uf)g^{Xx,u), 



5 



4. Xl^^^y{g{Y, Z) o vr) = Z)), 

6- Xl,uyFy=9x{X,Y), 
where [up = gx{u,u) . 

From now on, whenever we consider an arbitrary Riemannian gf-natural 
metric G on TM, we implicitly assume that it is defined by the functions 
ai,f3i : — > M, i = 1, 2, 3 given in Proposition ll.il . 

All real functions ai, Pi,4>i, a, and 4> and their derivatives are evaluated at 
t := gx{u,u) , u € T^M, unless otherwise stated. 



2 Inverse of nondegenerate g-natural 
metrics 



Let (a, 6) G M^^ m€ N*, u = • •• G 
following square matrix of order m E N* : 



1\2 



fi{a, b, u) 



and denote by fi{a, b, u) the 
\ 

(10) 



bu^u^ 



bu^u^ 



V 



that is [//(a, = a5ij + bu^u^ . 

We establish the following lemma which is easy to check by straightforward 
computation: 

Lemma 2.1 // a{a + b\u\^) 7^ 0, then n{a,b,u) is invertible and its inverse 
fj,{a,b,u)^^ is given by 



fi{a, b, u)ij^ 



a a{a + 



(11) 



where /i(a, b, u)-^ is the element of i^^ line and of column of the matrix 
li{a,b,u)-^ and |n|2 = J2T=Mf- 

Next, we are going to determine the inverse of a nondegenerate g(-natural 
metric G . 

Let {U, Xi,i = 1, • • • , m) be a normal coordinates system of (M, g) centred 
at p E M, and (7r~^(C/); Xj, tt*, i = l,---,m) its induced coordinates system 
on TM. For / = 1,2,3; let us consider the matrix-value functions 
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So 



is the matrix-value functions of G in the 



Mi{x,u) = [aigij + I3ig{d^^,u)g{d.j,^ ,u))^^. .^^ ,V(x,'u)€7r ^(f7), (12) 

where d^^ = and gij = g{dx^,dx^) on U. 
(Ml + M3) M2 

M2 Ml 

local frame (5^. , 9^.)i=i, --,m on 7r~^([/) and we have 

(Ml + M3) M2 

M2 Ml 
If G is nondegenerate, its inverse G~^ has the form 

A e 



G = 



(13) 



(14) 



e n 



where A = (A'-'')i<ij<m , 6 = {0''^)i<i,j<m , and = (t^*-')i<ij<m are square 
matrix- value functions of order m , defined on tt^^{U). 
Therefore we have the following proposition: 



Proposition 2.1 // 



a{t)<l){t) / 
ai(t)(ai +a3)(t) / 



(15) 



for any t E M"^, then the blocks of the matrix-value functions in satisfy : 



A{p,u 

Q{p, u 

^l{p, u 
uj^^ {p, u 



{y\p,u)) 



— Oi 

a ■ 



with 



{e'^{p,u))^^ with 



02 



a 



6ij - i^gu'-U^ , 



(io^^p,u)) with 



ai + 03 



a 



(16) 
(17) 

(18) 
(19) 

(20) 
(21) 



for all u = 1 u^dxi € TpM , where 

I ai[(/3i + P3)4>i - M2] - a2(ai/?2 - "2/?!) 

V\ = 7 l^^J 

a(p 



-Q2[(/3l + I3z)4>l - + («! + «3)(«l/?2 - «2/?l) 

(ai + az)[l3i{(t)i + (A3) - 024)2] + a2[«2(/3i + /^s) - /32(«i + as)] 



■06 

■00; 

Proo/ 

The product of the matrix-value functions G and block per block 
gives: 

Ml + M3 M2 \ / A e \ / (Ml + M3)A + MaB (Mi + M3)e + Mafi 

M2 Ml / \ e y \ MsA + MiO MsO + MiO 

and so we have the identities: 

(Ml + M3)A + Mae = Id (24) 

(Ml + M3)e + = (25) 

MaA + Mie = (26) 

MsG + Mil^ = Id. (27) 

Furthermore, for any u G TpM , since (C/; Xj, i = 1, • • • , m) is a normal coordi- 
nates system centred at p, we have (Mi +M3)(p, u) = ;u(ai + 03 , /9i + /93 , u) , 
M2{p,u) = /x(a2 , 02, u) , Mi{p,u) = /x(ai , f3i,u) ; where u = (M*)i=i,...,m • 
Then according to the system (llSp and Lemma 12.11 the matrix- value func- 
tions Ml and (Mi + M3) at {p,u) are invertible. It follows that at {p,u), the 
identities and (f^^ give respectively 

e = -Mf ^MsA (28) 

and 

G = -(Ml + M3)-^M2n. (29) 
Combining the identities ()28p and (I24p . we obtain 

(Ml + M3 - MsMf ^M2)A = Id . 
So A{p, u) is invertible with 

A(p,u) = (Mi+M3-M2MfiM2)r^ . (30) 

(p,u) 
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Next we compute the elements of the matrix-value function 
(Ml + Ms - M2Mf ^M2) at ip,u), and we obtain 



where 



[(Ml + Ms) - MaMf ^Malij = Ai^i^- + Aa^^V (31) 



ct 

Ai = — and (32) 
ai 

MMPl + P3) - 02/32 - ^2(32] + Ml 
-^2 = 7 ! 

"101 



with 



Ai 7^ and (Ai + luPAa) = 4- / . (33) 

01 

So by Lemma l2.lt we obtain the inverse A = (A*-')i<j j<m of 
[(Ml + Ms) - M2M^'^M2] at (p, u), with 

A^^(p,u) = f^- ■ . nV (34) 

Ai Ai(Ai + |n|^A2) 



a 



Next, according to (f28l) . we compute 



0'^i(p,n) = -[MfiM2% (35) 

and we obtain (jlSp . 

Furthermore by combining (|29p and (|27|) we obtain 

[-M2(Mi + M3)-1M2 + Mi]17 = Id. (36) 

This shows that the matrix-value function [-M2(Mi + Ms)"^M2 + Mi] 
is invertible and 

n=[Mi- M2(Mi + Ms)~^M2]-^ at (p, u). (37) 

Finally, as in the proof of (j34p . we obtain 

[Ml - M2(Mi + M3)-^M2]ij|^p^„) = cuAj + u;2u'u^ , (38) 

where c^i = ^ / and u;2 = (^i+fe)[/^i(^i+"3)-».fe-fe^2]+0i(/3i+fe) 
with 

u;i + |n|2a;2 = — ^— 7^0. (39) 

<Pl + 03 

So by using again Lemma I^TTl we prove (f^U]) . 

□ 



9 



Remark 2.1 The functions ipx, ipg and 'ip^ in Proposition \2.1\ only depend 
on the norms of the vectors u G TpM , since the same holds for the functions 
aiPi ]i = 1,2,3. 

Besides we have the following lemma: 

Lemma 2.2 If a{t)(j){t) 7^ 0, Vt G M^, then the functions ipQ, defined 
respectively in Qgl) . fTgj) and (2Wl satisfy on the following identities: 





Me 


ai/32 - a2/?i 
a 




(40) 


1 + <A3)V'A + 


hi'e 


MPi + Ps) - 

a 


«2/?2 


(41) 


02V'e + <; 




_ (ai + as)/?!- 
a 


"2/32 


(42) 


1 + 03)V'6l + i, 




_ (ai + a3)/32 - 




(43) 



a 

The proof of the identities of Lemma 12.21 is not very difficult and can be 
obtained by straightforward computations . 

Proposition 2.2 // G is nondegenerate, the elements of the matrix-value 
functions in PTj ) are defined by 

\'^{x,u) = —g'^ -i^xu'u^ (44) 
a 



9'^ {x,u) = -— g'^ - iPeu'u^ (45) 
a 



Jo (x, u) = ^1±^ _ ^^u'u^ ; (46) 
a 

for any (x,n) G vr"i(C/), with u = YJi=\^^^^^ ^ T^M; where (5'0i<ij<^ 
denotes the inverse of g = {gij)i<ij<^ with gij = g{dx^,dx-). 

Proof 
Let us set 

(Ml + M3) M2 
M2 Ml 
with L = {Lij)i<ij<2m- 



L 
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It suffices to show that Lij = 6ij ; for i, j = 1, . . . , 2m. Actually, we have 
for i , J = 1, • • • m : 



k=l 
m 



a 

k=l 



m 

k 



k=l k=l 



k=l k=l 

— X] dikg''^ - a2ipdu^ ^ giku^ 



a 

k=l k=l 

P m m 

—gidx, , u) g{dcc^ , u)g^^ - Megidx, , u)u^ ^ g{d^^^ , u)v!' 

k=l k=l 

_^ ai(/3i +/^3) ^^g s^^j _ + I3^)'tp^g(d^ u)u^ g{u,u) 
a 

~ <^2'4^eu^g{dx,,u) 

-?^2if^g(^Q ^ u)u^ - P2ipeg{dx, , u)u^g{u, u) 
a 

.ai(/3i +/33) -"2/52 / , , , N , J, / \ j 

Oij + \ (<pi + (P2,)w\ - (p2We\g{Ox,,u)u-^ 



Lij = dij by (BH) , 



L{i+m}j = J2^a2gik+P2gidx,,u)gid^„u)][^g^^ -^Pxu^u^ (48) 

k=l 

m 

+ y2[aigik + Pig{dx,,u)g{d^^^,u)][-—g''^ -tpgu'^u^] 

k=l 

= {'^^ — - (t>2i^\ - Me)g{dx, , u)u' 
a 

L{,+^y = by (IMD , 
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L{i+rn}{j+m} = ^[a2gik + P2g{dx, , u)g{d^^ , u)][-— g''^ - ipeu^u^] (49) 
fc=i 

m ( \ ] 

+ V [aig,k + /3i5(5., , u)g{dx, , u)] [l^i±^/i _ ^.^^^i] 
fit 

= Oij + [ [cpiVi, + 4>2Ve)\g[Ox, , u)u-' 



L{i+m}{j+m} = ^ij by (US]) , 
m 

Li{j+m} = "^[{ai + as)gik + (/3i + P3)g{dx,,u)g{dx^,u)][ - V'e^t''^^^] 

fe=i 

+ V[«2te + /?2g(a..,n)g(a.,,n)][ ^"^ -V'c.n^n^] (50) 



a 

k=l 

= [ hi^uj - {(Pi + hmigidx, , u)u^ 

a 

Hi+m} = by dSl) . 

Hence Lij = 5ij for j = 1, • • • , 2m ; as stated. 

□ 



3 Levi-Civita connection of a nondegene- 
rate ^-natural metric 

In [1], the authors have given exphcitly (with some sign and parenthesis mis- 
prints) the Levi-Civita connection in the case of Riemannian (7-natural me- 
trics. In the following we determine the Levi-Civita connection for a nondege- 
nerate ^-natural metric in general by using the inverse formula of nondege- 
nerate ^-natural metrics. 

Notation 3.1 For a Riemannian manifold {M,g), we set : 

T\u;Xx,Yx) = R{Xx,u)Yx, T^{u; Xx,Y) = R{Yx,u)Xx , 

T^iu;Xx,Yx) = R{Xx,Yx)u, T\u; Xx,Yx) = giR{Xx,u)Yx,u)u , 

T^{u;Xx,Yx)=giXx,u)Yx, T\u;Xx,Yx) = g{Yx,u)Xx , ^ ' 

T'^{u;Xx,Yx) = g{Xx,Yx)u, T^{u;Xx,Yx) = g{Xx,u)g{Yx,u)u , 

where (x,u) G TM , Xx,Yx G TxM and R is the Riemannian curvature of 
9- 

Let V be the Levi-Civita connection of g and V the Levi-Civita connection of 
a nondegenerate (7-natural metric G defined by the functions ai, Pi, i = 1, 2, 3 
in Proposition ll.il We have: 
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Proposition 3.1 Let {x,u) G TM and X,Y e X{M), we have 

i^x'^Y'^), , = {VxY)1,^,^+h{A{u;X,,Y,)} + v{B{u;X,,Y,)} (52) 

i^xHY^)^,,^) = {VxY)l^,) + h{C{u;X,,Y,)} + v{D{u;X,,Y,)} {53) 

(Vx^Y'')^ , = h{Ciu;Y,,X,)} + v{Diu-Y,,X,)} (54) 

\ / {x,uj 

(Vx^.r")(^.^^,j = h{E{u;Y,,X,)} + v{F{u;Y,,X,)} (55) 

where P{u- X^,Y^) = E-=i ft {\u\^)T\u- X^,Y^), forP = A,B, C, D, E, F; 
with 



2a ' 



/3^ = 0, 



eA 



ft = («1 + «3)'f , 
Jl a ' 



fA_ fA_ Q2(/3i+fe) 

/8^ = (/3i + /?3)'% + (A + /53)V'e; 



(56) 



fi 



fi 



a\{a\+az) 
2a 



fB 



2a 



fi = o, 



fi = a2ipe , 

/7^ = -(«i+a3)'^^ 



(57) 



fi = -(/3i + /33)'^^ + Wi + P3)i^u, ; 

/r=o, 

0, 



J2 — 2fv 



/f 



2a ' 
2 ' 



^ (^i±|Ml + 1 (2a'2 -p,)^, f§ = (A + /?3)'f - V'a[(«i + aa)' + 



(58) 



(/3i+/33)i 



/f = 0, 

fD _ a2(/?i+/?3) 
•/S 2a 

_ (/3l+/33)02 

•/T — 20 



-i(2a^-/32)V'e; 

aia2 

J2 2a ' 



k2«'2-/32) 



('/'i+'/'a) 



/8^ = -(A+/33)'f -[(ai+a3)' + 
-i(2a^-/32)V'a,; 



/3i+/33 
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fF = fi = fi = fF = o- 



fE _ fE 
J 5 — J 6 



K + ^/32)^-«'i 



Ct2 



(60) 



/f = (/3i - a'l)^^ - ^ , fi = /3[Ml+M _ 2/3^^ - (2a'2 + /^a)^^^ - 2a; V. 
Proof 

We prove only the proof of the other being the same. Let us set 

m m m 

X = J^X%, y = ^y%, n = J^n%, (62) 



1=1 



i=l 



i=l 



2 

+G ( dt 



GiY 



(63) 



Si = G(Vx-Y'',d^^j and (64) 

sm+i = G(Vx^Y\dl) . (65) 

Koszul's formula gives 

i {Y\dl) + y^G - a^^.G (66) 



then by using Proposition ll.il Lemma 1 1.1 1 and Lemma ll.2l we obtain 

Si = {ai+a3yg{X,u)g{Y,d^^) + {(3i+f]syg{X,u)g{Y,u)g{d,^,u) (67) 
+^4^5(^, Y)g{d^,^ , n) + ^^^^giY, u)g{X, d,^ ) 
+^g(R{Y,d,Ju,X) 

and similarly 

Sm+i = \{2a'^ - P2)9{X,u)g{Y,d,J - ^(2^ - P2)g{X,Y)g{u,d,J (68) 

By setting d = ((ij)i<j<2-m and s = {si)i<i<2m, we have d = G^^s (Matrix- 
value function of G^^ with the column vector s as argument). 
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Then by using the expression of G ^ in Proposition 12.21 we obtain 



di = ${R{u,X)Yy-^g{R{Y,u)u,Xy (69) 
2a 2 

+ [(ai + as)'- - ^(2a'2 - P2MX, u)Y" 
a 2a 

2a 

+ [^(/3i + Ps)^ + \{2a', - P2)^]9{X,YW 
+m + PsYj - [(«i + as)' + ^4^]^A 
-^M'i(^2 - p2)}g{X,u)g{Y,u)u' 



and 



dm+^ = ^{R{X,u)Yy + ^g{RiX,u)Y,u)u' (70) 
2a 2 

,a2 , (2a^ -/32)(ai +a3)i .^i 

+ [-(ai + 03) \ ]g{X, u)Y' 

a 2a 

-OL2 g[Y, u)X 

2a 

+ [ 2 -P2) ^ — \g{X,Y)u 

+ /^3) ~ K"! + «3) H ^ — m 

-]^{2a'^- P2)i'MX,u){Y,u)u\ 

where for all W G X{M) , {Wy are the components of W in the coordi- 
nates system ([/; Xi, i = 1, ■ ■ ■ , m). So according to (j63|) . the proof of ([Mj) is 
completed. 

□ 



4 ^-Natural metrics with constant sectional 
curvature 

4.1 Riemannian curvature of nondegenerate ^f-natural 
metrics 

Some notations and properties of F-tensor fields 

Fix (x, u) € TM and a system of normal coordinates 

5 := {U ; Xi,i = 1, • • • ,m) of {M,g) centred at x. Then we can define on 
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U the vector field U := where {u^, ■ ■ ■ ,u"^) are the coordinates of 

u G TxM with respect to its basis ((^^^ ; ^ = 1, • ■ ■ i "^)- 

Let P be an F-tensor field of type (r, s) on M. Then, on [/, we can define 
an (r, s)-tensor field (or P^ if there is no risk of confusion), associated to 
u and 5, by 

Pu{Xi,---,Xs) :=P(U,;Xi,...,X,), (71) 

for all (Xi, • • • , X,) G T^M, Vz G C/. 

On the other hand, if we fix x G M and s vectors Xi, • • • ^Xg in T^M, 
then we can define a C°°-mapping P(Xi ■•• x^) • ^x-^ — > &TxM, associated to 
(Xi,---,X,),by 

P{x,,-,x.){u) •=P{u; Xi,---,X,), (72) 

for all u G ra;M. 

Let s > t be two non-negative integers, T be a (1, s)-tensor field on M and 
P"^ be an F-tensor field, of type (l,t), of the form 

P^{u-Xi,---,Xt) = T{Xi,---,u,---,u,---,Xt), (73) 

for all (■u;Xi, • • • ,Xt) G TM©- • -©TM, i.e., u appears s — t times at positions 
in the expression of T. Then 

- P^ is a (l,t)-tensor field on a neighborhood [/ of x in M, 
for ah u G T^M ; 

- ... Xt) ^ C'^-mapping T^M T^M, for all Xi,---,Xt in T^M. 
Furthermore, we have 

Lemma 4.1 

1) The covariant derivative of P^ , with respect to the Levi-Civita connec- 
tion of{M,g), is given by : 

iVxPl) {Xi,---,Xt) = (VxT)(Xi, • • • , • • • , n, Xt), (74) 

for all vectors X, Xi, ■ ■ ■ ,Xt in T^M , where u appears at positions 
ii, • • • , is-t in the right-hand side of the preceding formula. 

2) The differential of Pj^-^_^ at u ^ T^M , is given by : 

d{Pix„-,x,))jX) = T{X,,.--,X,---,u,---,Xt) + --- (75) 

+T{Xi,---,u,---,X,---,Xt), 

for all X G T^M. 
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Furthermore, in [2] the authors gave the expressions determining the 
Riemannian curvature R of any Riemannian ^-natural metric G on TM (up 
to a misprint in the vertical component of the expression of R (^X^,Y^^ Z'^, 
in which (Vy^^) iX,Z) should be written (Vy-B^) iX,Z)). Their formulas 
remain the same if we replace a Riemannian (/-natural metric by a nondegene- 
rate ^-natural metric on TM. Indeed, a similar proof as that in |^ gives : 



Proposition 4.1 The Riemannian curvature R of a nondegenerate g-natural 
metric G is completely defined by 

r(^X^,Y^^Z^ = h{R{X,Y)Z} (76) 

+h{iVxAu){Y,Z) - {VyAu){X,Z) 
+A{u; X, A{u; Y, Z)) - A{u- Y, A{u; X, Z)) 
+G{u] X, B{u; Y, Z)) - G{u; Y, B{u; X, Z)) 
+G{u]Z,R{X,Y)u)] 
+v{{VxBu){Y,Z) - (\/yBu){X,Z) 
+B{u; X, A{u; Y, Z)) - B{u; Y, A{u; X, Z)) 
+D{u- X, B{u; Y, Z)) - D{u; Y, B{u; X, Z)) 
+D{u;Z,R{X,Y)u)}, 



Ri^X\Y^jZ^ = h{{VxGu){Y,Z)-{VYCu){X,Z) (77) 

+A {u; X, G {u; Y, Z)) - A {u; Y, G {u; X, Z)) + G (n; X, D (n; Y, Z)) 
-G (n; Y, D {u; X, Z)) + E{u;R {X, Y) u, Z)] 
+v{R{X, Y)Z + {VxDu) (y, Z) - {VyDu) {X, Z) 
+B (u; X, G (n; Y, Z)) - B {u; Y, G (n; X, Z)) 

+D (n; X, D {u; Y, Z)) - D (n; Y, D {u; X, Z)) + F{u; R (X, Y) u, Z)} , 



R{X\Y^)Z'' = h{iVxGu)iZ,Y)+A{u;X,Giu;Z,Y)) (78) 
+G{u; X, D {u; Z, Y)) - G{u; A (u; X, Z) , Y) 
-E{u- y, B (u- X, Z)) - d {Y)] 

+v{{VxDu) {Z, Y) + B{u- X, G (n; Z, Y)) + D{u- X, D {u; Z, Y)) 
-D{u- A (n; X, Z) ,Y) - F{u; Y, B (n; X,Z))-d (Y)} , 



R(X\Y'')Z^ = h{{VxEu){Y,Z) + A{u;X,E{u;Y,Z)) (79) 

+G{u; X, F {u; Y, Z)) - G{u; G {u; X, Z) , Y) 
-E{u- y, D {u- X, Z)) - d {Y)} 
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+v{{VxFu) (y, Z) + B{u; X, E (n; Y, Z)) + D{u- X, F (n; Y, Z)) 
-D{u- C (n; X, Z) ,Y) - F{u; Y, D (n; X, Z)) - d {Y)} , 



R{X\Y^)Z^ = h{d{C^^zy))jX)-d{C^z,x))jY) (80) 
+C{u; C [u] Z, Y),X)- C{u] C (n; Z, X) , Y) 
+E{u; X, D (n; Z, Y)) - E{u; Y, D (n; Z, X))} 

+v{d {D(^z,Y))u (^) - ^ i^{z,x)).a (y) + D{u- C (n; Z, y) , X) 
-D{u; C (n; Z, X) ,Y) + F{u; X, D (n; Z, Y)) - F{u; Y, D (n; Z, X))} , 

R{X\Y-)Z- = h{d{E^Y,z))jX)-d{E^x,z))jY) + C{u;Eiu;Y,Z),X) (81) 
-C{u; E (n; X, Z) ,Y) + E{u; X, F (u; Y, Z)) - E(u; Y, F (n; X, Z))} 
+v{d {F^Y,z))^ (X) - d (F(^,z))„ (Y) + Diu; E (n; Y, Z) , X) 
-D{u; E {u; X, Z) ,Y) + F{u; X, F (n; Y, Z)) - F{u; Y, F (n; X, Z))} , 

for all X ^ M and X,Y, Z € T^M , where the lifts are taken at u ^ T^M and 
R is the Riemannian curvature of g. 

Remark 4.1 Let P = Y!1=-, f[T^ , Q = X]-=5 f?^' be F-tensors. 
For (x, u) G TM and X , Y , Z G T^M , we have 



P{u- X,Q{u; Y,Z))-P{u; Y,Q{u; X,Z)) 



= {ai{P,Q)g{Y,Z) (82) 
+a2{P,Q)g{Y,u)g{Z,u)}X 
-{ai{P, Q)g{X, Z) + a2(P, Q)g{X, u)g{Z, u)}Y 
+a3{P, Q){g{X, Z)g{Y, u) - g{Y, Z)g{X, u)}u 



with 

ai{P,Q) = |n|2/f/«, (83) 

a2(P,Q) = f!{f^ + \u?f^)-{f!f^-fD^). (84) 

a^{P,Q) = f7f^-U! + f7+\u?fi)f?, (85) 

where ff , ff^ are differentiable functions on and the T* are defined in 
Notation [O • 

In the sequel we shall consider only Riemannian (^-natural metrics G on 
TM. 
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4.2 On the hereditary property of constant sectional 
curvature 

We prove the following result that improves [2, theorem 0.3]. 



Proposition 4.2 // {TM,G) has constant sectional curvature then {M,g) is 
a flat Riemannian manifold. 

Proof 

If (TM, G) has constant sectional curvature K, then by [2, theorem 0.3] 
(M, g) has constant sectional curvature k £ M. Furthermore, since (TM, G) 
has constant sectional curvature then its Riemannian curvature R satisfies 
R{X^, Y^)Z1^^^^^^ G H(^^^)TM for any (x, u) G TM, and X, Y, Z G X(M). 
Then by (f77I) . we have 

R{X,Y)Z\^ = -[{VxDu){Y,Z)-{VyDu){X,Z) (86) 
+B{u- X, G{u- Y, Z)) - B{u- y, C(n; X, Z)) 
+D{u; X, D{u; Y, Z)) - D{u; Y, D{u; X, Z)) 
+F{u;R{X,Y)u,Z)], 

V(x,n) G TM. 

Thus R{X,Y)Z\^ = 0, Vx G M (by taking {x,u) = (x,0) G TM). 
This means that k = 0. 

□ 

In the following proposition, we investigated the g'-natural metrics of 
constant sectional curvature. 



Proposition 4.3 For dim M > 3, the flat Riemannian g-natural metrics are 
the only g-natural metrics on TM that have constant sectional curvature. 

Proof 



If (TM, G) has constant sectional curvature K, then 



R 



z' 



K 



G [Z'^\ Y'^j X'' -G [X"", Z'^'j Y 

K[{ai + as)g{Z, Y) + (/3i + P3)9{Z, u)g{Y, u)]X'' 
-K[{ai + as)g{X, Z) + (/3i + l3:i)g{X, u)g{Z, n)]y ^ 



(87) 



So by Proposition 14.21 we have R = and thus from the formulas ()76p and 
(|82]). we obtain 



r(x^,y''\ Z 



h{A{u; X, A{u; Y, Z)) - A(u; Y, A{u; X, Z)) 
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+Ciu; X, B{u; Y, Z)) - C{u; Y, B{u; X, Z))} 
= {[ai{A, A) + ai(C, BMY, Z) + [03 (A, A) + 03 (C, B)]g{Y, u)g{Z, 
-{[aM,A)+ai{C,B)]g{X,Z) 
+[a2{A, A) + a2(C, B)\g{X, u)g{Z, u)}^'^ 

+{[a3(A^) +a3(C,B)]b(X,Z)5(y,u) -5(l^,Z)5(X,n)]K • 

Then, let {x, u) € TM with u 7^ : 

1) Since dimM > 3, there exists two vectors X, Y € T^M such that the 
system (tx, X, Y) is orthogonal. 
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So by ([87|) and ([88l) . for Z = y, we obtain respectively 
^ {X'', Y'') = K{ai + a3)g{Y, Y)X^ and 

j^jj^h^yfcj yh ^ [a^[A,A) + ai{C,B)]g{Y,Y)X^ ;with5(y,y) ^ and 
X / 0. Hence 

K{ai + a^){t) = [ai{A,A)+ai{C,B)]{t), Vt > 0. (89) 

2) Next, by choosing Y = Z = u such as u is orthogonal to a vector X 7^ 
in r^.M, (HZl) gives 

^J^^h^^/.^ yh ^ Kg{u,u)[{ai+a^)+g{u,u){(3i+(3-i)]X'' , (90) 
and (fHHIl gives 

^J^^ft^yh^yh ^ g{u,u)[ai{A,A) + ai{C,B) (91) 

+5(^x,tx)(a2(A^) +a2(C,5))]X\ 

Then, by ([90]) and ([91]), we have, 

ir[(ai + Q3)+5(^^,^^)(/3i+/33)] = aiiA,A)+aiiC,B) (92) 

+5(n,n)[a2(A,yl) +a2(C,5)]. 

Thus, by ([89]) . we obtain 

[a2(A,^) + a2(C,5)](t) =E:(/?i+/33)(t) ,Vt>0. (93) 

3) Furthermore, by choosing Y = u and X = Z ^ such as X and u are 
orthogonal , (i87|) gives 

i? (^X^, u'') X'^ = -ii:(Qi + a3)c/(X, X)u'' 

and ([55|) gives 

(X\n^) X'^ = 5(X,X)[-(ai(A,^)+ai(C,5))+5(n,n)(a3(A,^)+a3(C,S)]n' 

Then by ()89p . we obtain 

[a3(A,^)+a3(C,5)](t) =0,Vt >0. (94) 

And we deduce that the identities ([891) . (f93]) and ([Ml) are true for any 
t >0, since the functions a, , /?j , i = 1, 2, 3 are smooth on M"*" . 
Hence we have 

' ai{A,A) + ai{C,B) = Kiai + a^) 
< a2{A,A) + a2{C,B) = i^(/?i+/?3) (95) 
^ a3{A,A)+a3{C,B) = 0. 
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But (TM,G) is Riemannian i.e.; 



^ 2 n > (96) 



and then 

' ai > 



. X 2 ; (97) 

ai{ai + 03) > a2 

so (ai + as) > . Hence according to the first equation of ([95]) which means 
that 

tf^{t)f^{t) + tf^{t)f^ = K{ai + a3){t), (98) 
we obtain for t = 0, = K{ai + 03) (0) , so ii' = 0. 

If (M, g) is a flat Riemannian manifold and we choose 
ai = 1, 



□ 



„ „ ^ ^ , (Sasaki's metric) (99) 

02 = as = /3i = /32 = P3 = 

we obtain that (TM, G) is a flat Riemannian manifold . But it is not the only 
way to choose the functions a^, i = 1, 2, 3 for getting (TM, G) as a flat 
Riemannian manifold. Actually we estabish a characterization of flat Rieman- 
nian g(-natural metrics in what follows. 



4.3 Flat Riemannian (/-natural metrics 

Lemma 4.2 If [TM, G) is a flat Riemannian manifold with dimM > 3, then 

a) Pi+P3= 0, 

b) ai + Q3 = constant > 0, 

c) 2a'^ = p2, 

d) fi = ff = fi = 0, 

where a'2 denote the first derivative of 02 • 

Proof. 

If {TM, G) is flat Riemannian then by \2\ page 36], we have /3i + /Js = 
and ai + as = constant. We have also ai + as > since a > 0. Therefore 
we have the parts a) and h) of Lemma 14.21 Furthermore, 
by O Lemma 4.1], we have a^ — 1^2 = 0, and A = B = C = D = 0. 
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It remains to prove d). 
Since D = then §B) gives, 



Rt{X,Y)Z = {[ai{F,F) + ff-fi]giY,Z) (100) 
+ [a2{F, F) + f[ - 2fi']g{Y, u)g{Z, u)}X 
-{[a,{F,F) + ff-fi]giX,Z) 
+ [a2{F, F) + fi - 2fi']g{X, u)g{Z, u)}Y 
+ [a3(F,F) +2/f' - f[]{g{X,Z)g{Y,u) - g{Y,Z)g{X,u)}u. 

where Ry{X, Y)Z is the vertical component of R {X^ , Y^) Z"" . Since 
dim M >3as before, R^{X, Y)Z = X, y, Z G T,M, impUes 

tkh + fi-k = 

fi + tUh + h = 2/^ (101) 
f^ + thfl + h = 2/^, 

where t = gx{u, u), fi = ff, i = 6, 7, 8 and denotes the first derivative 
of 

Then the first equation of the system p01|) gives 

/7(1 + th) = k (102) 

and so 1 + t/e 7^ 0, Vt > 0, (otherwise 1 + t/e = would imply 
/e = and t/e = — 1, which is absurd). Hence (jl02p gives 

Furthermore the second equation of (jlOip gives 

2 f i - f I 

Next by using ()103p . we obtain 
and 

l + t/7 = ^r^ . (106) 
1 + 1/6 

By replacing ([TM]) . (fTOil) . (fT06]l and (fT05]) in the 3'^"' equation of the sytem 
(jlOip . we obtain 

AtM'^ = -2/1 + 2tfl, (107) 
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which imphes 

hit) = 0, or (108) 

m = -^ + ^; (109) 
for t > 0. 

So /g is a solution on the open set / = {t €]0, +oo[ / feit) / 0} of the 
Bernouilh equation 

= + (110) 

Besides, we have /6(0) = 0. Indeed, if G Adh{I) the adherence of / in 
then by equation (jllOp . we have 

/6(0) = Hm/6(t) 
t&I 

= hmt[-2/^(t) + /|(t)]=0. 

But if Adh[I) then evidently, we have /6(0) = 0. 

Thus the frontier Fr{I) of / is necessarily non empty, since M"*" is connected 
and /e is smooth. In summary /g is a solution of the equation 

/ y'(t) = -#+2/^(t), WGI, 

that has the unique solution 7/ = 0, so /g = 0. 

Next by using (|103p and (|104p . we obtain = /s = 0, as stated. 

□ 

Theorem 4.1 Let {M,g) be a Riemannian manifold and {TM,G) its 
tangent bundle equipped with a g-natural metric G. Then (TAI, G) is flat 
Riemannian if and only if 

i) {M,g) is flat, 

ii) ai{t)>0, 0i(t) > 0, a(t) > 0, (pit) > 0, forallteR+; 
Hi) ai + as = constant > 0, /9i + /Ss = 0, = (32, 

where a'l and a'2 are respectively the first derivatives of the functions 
ai and 02 ■ 
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Proof 

Let us assume that (TM, G) is flat Riemannian. By Proposition 11.21 and 
Proposition 14.21 we obtain the parts i) and ii) of Theorem 14.11 
Next we obtain in) from Lemma 14.21 

It remains to prove iv). But according to Lemma 14.21 we have 

= p2 and (112) 

f / 1^ N , / (ai +03) 

/e = (a2+o/52) + ai = 0. (113) 

a 2 a 

Then by combining these identities, we obtain 

/ «2/?2 ..... 
ai = . (114) 

ai + as 

Lemma 14.21 gives again 

/7 = {f3i - a[){cl)i + (Ps) - P2<p2 = , and (115) 



then 



P1+P3 = 0, 



Pi = H (116) 

ai + as 

- "2/32 ^/?2(«2+t/32) ^ 



/3l 



ai + as ai + as 
/32(2a2 + t/32) 
ai + as 



So we prove iv). 
Conversely: 

The part u) shows that G is Riemannian. Next by combining the parts 
i) and Hi) we obtain 

A = B = G = D = . (117) 
Furthermore by combining the parts Hi) and if) we obtain 

fi = f7=fi = o, (118) 

fi = ff = ^^,fi = ^^. (119) 

ai + as ai + as 

So (jllSp implies that F = 0, and by considering (I117p we obtain: 

V (x, u) G TM and yX,Y,Z e T^M, 

r(^X^,Y''^ Z'^ = R (^X^ ,Y^^ Z"" = (120) 

r(^x^,y'''^z'' = i^(x^,y^)z^ = i^(x^y^)z'^ = o, 
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where the Ufts are taken at {x,u). Next (jll9p imphes 



RiX^Y^Z^ = h{d{E^y^z))jX)-d{E^x,z))jY)} (121) 
= {{ff - fi)giY, Z) + {fi - 2fi')g{Y, u)g{Z, u)}X 
-Kf7 - fi)9{X,Z) + {fi - 2fi')giX,u)g{Z,u)}Z 
+{2ff - fi){g{Y, Z)g{X, u) - g{X, Z)g{Y, u)}u 
= . 



Finally R = . 



□ 
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